After a quantum quench, a sudden change of parameters, generic many particle quantum systems are expected to equilibrate. A few collisions of quasiparticles are usually sufficient to establish approximately local equilibrium. Reaching global equilibrium is, however, much more difficult as conserved quantities have to be transported for long distances to build up a pattern of fluctuations characteristic for equilibrium. Here we investigate the quantum quench of the one-dimensional bosonic Hubbard model from infinite to finite interaction strength U using semiclassical methods for weak, and exact diagonalization for strong quenches. Equilibrium is approached only slowly, as t −1/2 with subleading corrections proportional to t −3/4 , consistent with predictions from hydrodynamics. We show that these long-time tails determine the relaxation of a wide range of physical observables.
After a quantum quench, a sudden change of parameters, generic many particle quantum systems are expected to equilibrate. A few collisions of quasiparticles are usually sufficient to establish approximately local equilibrium. Reaching global equilibrium is, however, much more difficult as conserved quantities have to be transported for long distances to build up a pattern of fluctuations characteristic for equilibrium. Here we investigate the quantum quench of the one-dimensional bosonic Hubbard model from infinite to finite interaction strength U using semiclassical methods for weak, and exact diagonalization for strong quenches. Equilibrium is approached only slowly, as t −1/2 with subleading corrections proportional to t −3/4 , consistent with predictions from hydrodynamics. We show that these long-time tails determine the relaxation of a wide range of physical observables. States at thermal equilibrium can be described with only a few macroscopic parameters like temperature, T , and chemical potential, µ. The fundamental question of how such an equilibrium state can be reached for a interacting quantum system has recently gained a lot of attention [1] [2] [3] [4] [5] [6] [7] [8] , partially due to new experimental opportunities to study this question using ultracold atoms. They allow to realize simple model Hamiltonians and to change their parameters practically instantaneously to study thermalization in a closed quantum system with unprecedented precision and control.
In a typical quantum quench experiment, one considers the evolution of the ground-state wave function, |Ψ 0 , of an initial Hamiltonian, H 0 , after a sudden change of the Hamiltonian, H 0 → H. The time evolution, |Ψ(t) = e −iHt |Ψ 0 , of a many-particle system occurs generically in three main steps: prethermalization, local equilibration, and global equilibration. First the wave function starts to adjust to the new Hamiltonian [4, 9] on a short time scale. After this, often a quasi-stationary 'prethermalized' state is obtained [10] [11] [12] [13] , where quasiparticles have been formed but not yet scattered with each other. Sometimes coherent oscillations characterize this regime for large quenches [14] [15] [16] . In a second step, a few scattering processes of the excitation are often sufficient to achieve approximately a local equilibrium state. This can, for example, be captured within a kinetic equation approach [17] [18] [19] . Finally the third step, the buildup of a global equilibrium after a quantum quench, has received probably the least attention and will be the focus of this paper. It is dominated by the diffusive transport of conserved quantities, like matter or energy, over large distances. It therefore leads to pronounced long-time tails, well known from hydrodynamics.
Two situations have to be distinguished when studying hydrodynamic long-time tails after a quantum quench: homogeneous and inhomogeneous systems. For example, if the relaxation of ultracold atoms in a trap is consid-
After a quench and subsequent thermalization, the amplitude of local fluctuations of for example the energy density, changes. As energy has to be transported diffusively over large distances to build up the new pattern of fluctuations, equilibration takes long times resulting in hydrodynamic long-time tails.
ered, in general the spatial distribution of, e.g., the energy will be different before and after the quench. This implies that energy has to be transported over large distances of the order of the size L of the system [20, 21] . If this transport is diffusive, this takes a very long time, L 2 /D, where D is a diffusion constant. In Ref. [20] this effect was studied quantitatively for weakly interacting fermions released from a trap. Perhaps more surprisingly, conservation laws and diffusion lead also to extremely slow relaxation in translationally invariant systems studied in the following. Here it is important to realize that any classical or quantum state is characterized by a pattern of fluctuations. Consider, for example, fluctuations of the energy density, δe = e − e , in a system at T > 0, where correlations decay on a finite length scale l c . In equilibrium and on length scales large compared to l c , they can be described by the equal-time correlation function
where 
where f (r, t)f (r , t ) eq = 2Dc v T 2 δ(r − r )δ(t − t ). As discussed in the supplementary material [22] , one obtains from a straightforward solution of this equation in d spatial dimensions δe(r, t)δe(r , t) − δe(r)δe(r ) eq ∼ t
Dt. A simple scaling analysis using Eq. (2) as a fixed point, see supplement [22] , shows that correction terms [23] to Eq. (2), like ∂ x (e∂ x e), lead to corrections vanishing with 1/t 3d/4 . The same results are obtained when additional diffusive modes (e.g., particle density n) are included. The situation is, however, different in systems with momentum conservation. In this case the momentum current (i.e., the pressure) has contributions proportional to (δe) 2 and (δn) 2 . These are relevant perturbation in dimensions d < 2, described by the KPZ universality class [24] [25] [26] [27] in d = 1. In this case one expects that some modes relax with 1/t 2/3 instead of 1/t 1/2 as observed numerically [28] . In this paper we will study a quantum quench in a lattice model without momentum conservation. We consider the 1d bosonic Hubbard model
after a sudden quench from an initial state at U = ∞ where n i = a † i a i = 1 to a state with finite U . We have chosen this model for four reasons: (i) The bosonic Hubbard model is probably the many-particle model best suited for experimental quench studies using ultracold atoms [7, 8, 29] , (ii) long-time tails are most pronounced in 1d, (iii) the 1d case is especially suited for numerical studies, and, finally, (iv) in contrast to many other simple 1d models, the bosonic Hubbard model is not close to an integrable point: the dominant excitations of the bosonic Mott insulator, doublons and holons, have a different dispersion and can therefore equilibrate by simple two-particle collisions [30] .
We first consider a weak quench from U = ∞ to a finite but large U J. In this limit a dilute gas of quasiparticles, holons (empty sites) with dispersion h k ≈ −2J cos k and doublons (doubly occupied sites) with energy
is much larger than their typical wavelength, a simple quasi-classical treatment of their dynamics is possible following Sachdev and Damle [32] . This approach was recently applied to quantum quenches in an integrable system in Ref. [33] and to 2 is the doublon density. For t → ∞ an equilibrium state at T = ∞ is approached where all momenta are equally occupied.
short time dynamics in Ref. [31] . While the motion of the quasi-particles can be treated classically, their creation and scattering is a quantum mechanical process.
To describe relaxation to equilibrium after the quench, we first calculate the probability,
, that a doublon-holon pair with momenta k and −k is created at a given site. This probability is used to create at t = 0 an ensemble of doublons and holons moving with the velocity ∂ k d k and ∂ k h k , respectively. This allows to determine position and time of the next scattering event. Doublon-doublon and holon-holon scattering has no effect (as only the momenta of the two particles are exchanged), while the scattering of holons and doublons leads to relaxation. To leading order in U J the reflection probability is 1 and the new momenta after scattering can just be calculated from energy and lattice-momentum conservation. Repeating this procedure, we track the motion of about 10 5 quasiparticles for long times and, furthermore, average over 500 ensembles. Correlation functions obtained by this semiclassical dynamics are expected to give the corresponding quantum mechanical correlation functions for U J [32] . Related models of hard-core particles moving in 1d have also been simulated, e.g., in Ref. [28, 34, 35] to study thermal transport. In contrast to our case, however, quadratic dispersions and momentum conservation was used. We have also implemented a version which takes into account the finite tunneling probability of doublons and holons of order (J/U ) 2 , but as qualitatively similar results have been obtained in this case, we only show results for vanishing tunneling rate in the following.
In Fig. 2 we show how the momentum distribution of doublons gets flatter and flatter as a function of time. As the initial total kinetic energy is on average zero, the system relaxes towards an equilibrium state at T = ∞. For all semiclassical plots we measure the timescale in units of τ dh ≈ 0.031 U 2 /J 3 = 0.123ρ −1 /J, the doublon-holon scattering time (obtained by dividing the simulated time by the total number of doublon-holon scattering events and the number of doublons). In these units, all semiclassical results are completely independent of U/J.
Note that the semiclassical approach does not contain extremely rare processes where a holon/doublon pair is created or annihilated by converting the kinetic energy of a large number of quasiparticles (of order U/J) into interaction energy in a complicated process [36] . We will not consider the exponentially (in U/J) long time scales [36] where these processes become important and which ultimately lead to an equilibrium state with J T < ∞. While we will argue that hydrodynamic long time tails generically govern the relaxation of most physical observables for t → ∞, we find that they are much more pronounced in some observables. We obtain the most pronounced long-time times for the correlation functions
describing the energy-energy correlation function of particle i and particle i + n (we numerate the particles from left to right). Within a simple Boltzmann equation treatment of the problem (see supplement [22] ), this quantity vanishes. The solid line in Fig. 3a shows a fit to T 1 (t) of the form c 1 /t 1/2 + c 2 /t 3/4 consistent with Eq. (3). Note that it is mandatory to include subleading corrections to the fit as those are only suppressed by relative factors of 1/t 1/4 . From a simple power-law fit, ct −α (dashed line), one obtains α ≈ 0.67 which describes the numerical data equally well. While this exponent is reminiscent of the 2/3 expected for the KPZ universality class, we believe that this agreement is only accidental as strong Umklapp scattering relaxes the current rapidly inconsistent with the KPZ universality class, see above. At least three orders of magnitude longer simulations are needed to be able to distinguish numerically the different asymptotic behavior. A similar discussion of an equilibrium correlation function is given in the supplement [22] .
To investigate, how the hydrodynamic correlations spread in space, we show in Fig. 3c a scaling plot of √ tT n (t) as a function of n/ √ t at different times. The approximate scaling collapse for long times shows that the information spreads diffusively, n ∼ √ t. From linear hydrodynamics, Eq. (2), one can easily calculate the scaling function [22] 
While the prefactor, depending on details of the quench, is unknown, the energy diffusion constantD e = D e τ dh ρ 2 ≈ 0.91 can be calculated from the Kubo formula evaluated at thermal equilibrium. The thick black line in Fig. 3c shows that the analytic formula describes the data quantitatively. This shows that indeed linear hydrodynamics governs the buildup of long-time tails. When investigating the relaxation of the momentum distribution, such long-time tails are much more difficult to detect. In Fig. 3b , we show the expectation value of cos(2k) for doublons and holons
where the expectation value is determined by summing only over doublon or holon momenta, respectively. Up to a normalizing factor, this is the dominant Fourier component of the distribution function shown in Fig. 3b . As cos 2 k = (1 + cos 2k)/2, it is also directly related to the square of the kinetic energy of each particle. At first, T d/h decays exponentially on time scales consistent with predictions from the Boltzmann equation [22] . For t 25 τ dh , however, a small but finite long-time tail dominates the relaxation.
The relative prefactors of the long-time tail in various physical quantities are related to each other as they arise from the same hydrodynamic modes. To predict analytically how the prefactors are related, we recall their physical origin: after a local equilibrium has been established, it takes a long time to establish globally the characteristic fluctuations of the conserved densities. We therefore investigate first how in thermal equilibrium the observables T 1,eq , T d eq and T h eq depend on the densities n d , n h and the energy per particle , using that in the semiclassical limit the distribution functions are given by n
, where the fugacities z d , z h and β = 1/T are functions of n d , n h and . In the considered semiclassical limit T 1,eq , T d eq and T h eq are independent of n d and n h , so that we obtain in equilibrium to leading order in
As = 0 on average, the above determined prefactors describe how sensitive the observables are to fluctuations of the energy. This allows to predict that
fully consistent with our numerical results, as shown by the solid lines in Fig. 3 . The semiclassical approach discussed above breaks down for strong quenches when U ∼ J. In this regime we have used the ALPS code [37] for brute-force exact diagonalization of small systems (excluding bosonic occupations ≥ 3 [22] ) to investigate the relaxation to equilibrium. Even for this fully quantum mechanical calculation we obtain strong evidence of hydrodynamic longtime tails, see Fig. 4 . The clearest signature is obtained for the nearest-neighbor correlation function of doubly occupied sites, Fig. 4b , which is one contribution to the energy-energy correlation function. But also the number of doubly occupied sites (Fig. 4a) , which can directly be measured experimentally [36] , shows pronounced longtime tails. From the numerical results for such small systems it is impossible to extract any exponents as shown by the various fits in Fig. 4 .
It is surprising that the slow relaxation is so pronounced already in 14-sites systems: often finite size effects dominate for such small systems and long times. Here it helps that diffusive transport is much slower than ballistic transport. The typical time scale associated with diffusive transport over N sites scales with N 2 . As 14 2 = 196, it is not surprising that diffusive effects dominate on the simulated time scales, see supplement [22] for a study of the system size dependence.
Global equilibration characterized by slow power-law relaxation with characteristic long-time tails is of importance for practically all physical observables in generic quantum and classical many-particle systems as long as a small number of conservation laws are present. Our results have, however, shown that the experimental importance of these long-time tails depend strongly on the observable which is considered. Sometimes they are difficult to observe due to tiny prefactors. Unexpectedly, the long-time tails turned out to be more pronounced in the quantum regime compared to the semi-classical limit, possibly due to the more complex interaction processes in a many-particle quantum system.
Controlling global equilibration is a key element for present and future high-precision experiments with ultracold atoms. As loss processes often put severe limits on achievable time scales, it is important to design experimental sequences in such a way that the desired state of matter can be reached rapidly. Speeding up global equilibration, e.g., by partially suppressing scattering and therefore enhancing transport, can be an important element of such a strategy.
Supplementary Material to: Hydrodynamic long-time tails after a quantum quench
In this supplement, we review how long time tails arise in linear hydrodynamics, we provide further information on the numerical implementation and the finite-size dependence of the exact diagonalization. Furthermore, we investigate to what extent the Boltzmann equation describes the semiclassical regime and discuss long time tails of an equilibrium correlation function.
LONG-TIME TAILS IN LINEAR HYDRODYNAMICS
In this section we briefly review the origin of long-time tails after a quench in systems without momentum conservation. While all results presented in this section are well known, we have not been able to find an appropriate reference. For simplicity we restrict the discussion to a single conserved quantity, the energy. The hydrodynamic equations can easily be generalized to several diffusive modes by replacing the energy density e by a vector of conserved densities, the diffusion constant by a diffusion tensor and the specific heat by a matrix of thermodynamics susceptibilities (For the semiclassical calculation discussed in the main text energy does not couple to the other conservation laws, see below). The qualitative results remain unmodified as long as all diffusion constants are finite, only conservation laws even under time reversal and parity are considered and, most importantly, momentum is not conserved.
The starting point is the linearized stochastic diffusion equation in d dimensions
where D e is the energy diffusion constant and f i describes thermal fluctuations of the energy current. The size of fluctuations can be determined from the condition that the equilibrium correlations of the energy are correctly reproduced by Eq. (S1)
where c V is the the specific heat per volume. In reality, these correlations are not exactly local but as the hydrodynamic equations describe only the behavior at long time and length scales, we can approximate the spatial correlations by a δ function. One obtains therefore that the fluctuations of the current
are proportional to both the diffusion constant and the specific heat. For a given initial condition, e(r, 0) = e 0 (r), Eq. (S1) is solved for t ≥ 0 by
From this solution and Eq. (S3) one obtains directly the relaxation of the energy fluctuations as a function of time e(r, t)e(r , t) − e(r)e(r )
This equation describes how the fluctuations of energy approach their equilibrium value. As generically the energy fluctuations directly after a quench, e 0 (r)e 0 (r ) , will differ from their expectation value in the long time limit, they have to be built up slowly by diffusive transport. Assuming sufficiently short-ranged correlations in the initial state and using that dr 1 g D (r − r 1 , t)g D (r − r 1 , t) = g 2D (r − r , t) , one obtains from Eqs. (S5) and (S6) e(r, t)e(r , t) − e(r)e(r ) eq ∼ 1
After a quench, one approaches therefore the global equilibrium state only algebraically. Corrections to this formula from non-linear contributions are discussed below. In Fig. 3 of the main text, we show that the spread of correlations in our semiclassical simulations indeed follows Eq. (S7), see solid line in Fig. 3c . To obtain a quantitative fit, we have determined the diffusion constant D e from heat conductivity κ using
where the sum runs over the two particle species with density ρ i . The thermal conductivity κ can be determined numerically using the Kubo formula [S1]
where J e is the total energy current, and L is the system size. For our semiclassical simulations we have to consider the T → ∞ limit. Note that D e is finite in this limit as all factors of T cancel. Furthermore, all linear thermoelectric effects, i.e., the coupling of the energy current to gradients of the particle density vanish in this limit (non-linear couplings do, however, exist, see below) which justifies the use energy diffusion only in the derivation of Eq. (S7).
To estimate the importance of corrections to the linear stochastic diffusion equation, it is useful to perform a simple scaling analysis. Eq. (S1) is invariant under the scaling transformation x →x, t →t, f →f and e →ẽ with see Figs. S2a and S2d. As in d = 1 there is a high probability that one particle scatters again and again with the same scattering partner, a full quantitative agreement cannot be expected even for the first few scattering events. For long times the Boltzmann equation predicts exponential relaxation as it does not capture thermal fluctuations of energy and particle density but describes those only on average.
EQUILIBRIUM CORRELATION FUNCTION
Hydrodynamic long-time tails also dominate equilibrium correlation functions. In Fig. S3 we show e i (t)e i (0) eq obtained from a semiclassical simulation in equilibrium at T = ∞ where initially all doublons and holons have a k-independent momentum distribution n d k = n h k = constant and are uncorrelated in space. We assume the same density of doublons and holons. As for the quenches studied in the main text, it is difficult to extract reliably the long-time asymptotics due to large subleading correction which vanish only slowly. The numerical data is equally well described by a power-law fit with exponent 0.59 and a fit to c 1 t −1/2 + c 2 t −3/4 expected from hydrodynamics. 
